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Requiring covariance of Maxwell's equations without a priori imposing charge invariance allows 
for both spin-1 and spin-1/2 transformations of the complete Maxwell field and current. The spin-1/2 
case yields new transformation rules, with new invariants, for all traditional Maxwell field and source 
quantities. The accompanying spin-1/2 representations of the Lorentz group employ the Minkowski 
metric, and consequently the primary spin-1/2 Maxwell invariants are also spin-1 invariants; for 
example, $ 2 — A 2 , E 2 — B 2 + 2iE • B - (d & + V-A) 2 . The associated Maxwell Lagrangian density 
is also the same for both spin-1 and spin-1/2 fields. However, in the spin-1/2 case, standard field 
and source quantities are complex and both charge and gauge invariance are lost. Requiring the 
potentials to satisfy the Klein-Gordon equation equates the Maxwell and field-potential equations 
with two Dirac equations of the Klein-Gordon mass, and thus one complex Klein-Gordon Maxwell 
field describes either two real vector fields or two Dirac fields, all of the same mass. 
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I. INTRODUCTION 

The standard Lorentz transformation properties of the 
Maxwell field derive from more than simply covariance of 
Maxwell's equations. The usual vector or tensor proper- 
ties of the field include an additional requirement, gen- 
erally fixing the transformation rule of the source terms 
[1, 2]. Traditionally, this requirement is filled by impos- 
ing invariance on electric charge [2, 3]. Charge invari- 
ance forces the charge density to transform as the top 
component of a four-vector, leading to the usual trans- 
formation properties for the remaining field and source 
terms [2]. But the additional constraint may take other 
forms. Among these are explicit covariance of the source- 
free Maxwell equations (required by Einstein [4]), impos- 
ing an invariant gauge- fixing condition r = <9o$ + V-A 
[5], equating the charge-density current with the Dirac 
probability-density current [6], and simultaneous charge 
invariance and covariance of the Lorentz four- force [3]. 
Each of these requirements in conjunction with Maxwell 
equation covariance leads to the expected transforma- 
tion properties of the Maxwell field. However, a priori 
imposing such constraints on Lorentz transformations of 
Maxwell's equations is a restricted case of the more gen- 
eral requirement of their covariance. In the general case, 
we may allow the Maxwell variables to transform in any 
manner leaving the equations as a whole covariant, and 
then determine the specific transformation properties of 
the various field and source terms. Our interest here is in 
the possibility that the general case may allow alternate 
transform rules for the Maxwell variables. 

Indeed, there is some evidence in the literature to sup- 
port this interest. Previous authors have found that 
specialized or restricted forms of Maxwell's equations 
describe spin-1/2 fields [7-18], and in one instance a 
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four- vector combined electric and magnetic field [16]. 
Both observations are a result of efforts to describe the 
Dirac field in electromagnetic (EM) terms [7-26]. Dar- 
win [7] alluded to the first possibility in 1928, not long 
after the Dirac equation debuted, noting that it was 
equivalent to a massive form of Maxwell's equations 
with gradient-constrained electric and magnetic currents 
Jeiec = 9 a f, jm ag — d a h. A series of authors have since 
rediscovered similar Maxwell-Dirac equation correlations 
[9-22], primarily illustrating spin-1/2 Maxwell-like fields, 
but among these are Darwin-constrained Maxwell equa- 
tions with multiple transformation properties. 

In one such approach, Sallhofer [10-13] describes a di- 
rect correspondence between the Dirac equation and the 
source-free Maxwell equations in a medium of potential- 
and mass-dependent electromagnetic permittivity and 
permeability (a la Madelung [8]). The correspondence 
gives 1/2-angle factors to solutions of the source- free 
Maxwell equations allowing for an electromagnetic-like 
description of a spin-1/2 matter wave. "Electrodynamic 
particle fields with half-integer spin are represented ... as 
a standing [EM] wave with a cancelling counter-wave" 
[11], rather like a dipole, and thus do not appear elec- 
tromagnetic from the outside [12]. But the associated 
Maxwell-Dirac relationship is not Lorentz covariant, leav- 
ing unaddressed the question of spin-1/2 transformation 
properties of the Maxwell field itself. 

However, in a Lagrangian study of the Darwin-Maxwell 
equations, potentials and magnetic current included, 
Ljolje [9, 22] finds that "The [massless] Dirac equation or 
equivalent [massless Darwin-Maxwell] equations ... [each] 
describe two different physical fields: a bispinor field, and 
a field composed of a second order tensor field and one 
scalar and one pseudoscalar field" [9]. The associated 
Lagrangian density is invariant under both spin-1 and 
spin-1/2 (Dirac spinor) transformations in both massless 
and massive cases. From the Maxwell perspective, the 
formalism is restricted primarily by the Darwin gradient- 
constrained sources, but Ljolje gives a thorough account 
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of the equivalence of these special-source Maxwell equa- 
tions and the Dirac equation, illustrating a fermionic 
Maxwell-like field. Several related investigations also de- 
scribe spin-1/2, or Darwin-based, Maxwell-like fields (see 
especially Papini [17]) [18-21], while many others have 
explored similar Dirac- or fermion-like Maxwell equations 
[1, 27-67], a number of which we will refer to in progress 
below [27, 68]. 

Simulik and Krivsky [14-16] have since solved the 
Lorentz covariancc problem of the Sallhofer model by 
including these same gradient-constrained electric and 
magnetic currents, yielding the massless Darwin and 
Dirac equations. Mass appears as a property of the EM 
medium, as before. Called the "maximally symmetric" 
Maxwell equations, a real Maxwell field is written with 
four complex components (E — iB, f — ih) = 'ipMS, the 
gradient of the fourth returns the electric and magnetic 
currents, giving the Darwin sources (no potentials in- 
cluded). In the massless case, the authors have explicitly 
demonstrated covariance of this form of Maxwell's equa- 
tions while ipMS transforms under the Dirac representa- 
tion of the Lorentz group (1/2, 0)© (0, 1/2), the expected 
tensor-scalar representation (1,0) (0,0) [16], and the 
vector representation (1/2, 1/2). 1 In fact, though unmen- 
tioned by the authors, this specialized form of Maxwell's 
equations, like their equivalent massless Dirac equation, 
transforms covariantly under any four-dimensional rep- 
resentation of the Lorentz group (see beginning of Sec. 
Ill below). However, the significance of its specialized 
sources is not clear (see Gersten, Refs. [14, 33]), obscur- 
ing comparison with the standard Maxwell field. 

The importance of the above investigations for our pur- 
poses is not in their electromagnetic-like descriptions of 
the Dirac field, which invariably require a constrained 
form of Maxwell's equations [66] , but in their demonstra- 
tion of Maxwell- like fields with spin-1/2 transformation 
properties. Here, we will find that a more significant spin- 
1/2 Lorentz transformation property is characteristic of 
the complete Maxwell field without constraints. 

We begin by revisiting the Maxwell and field-potential 
equations in a familiar matrix form, obtained by factor- 
ing a simple 4-d wave equation. We then readdress the 
now century-old problem of Maxwell-equation covariance 
[4, 69], allowing charge, the gauge- fixing condition, and 
charge-density current to transform without additional 
requirements. Covariance of Maxwell's equations then 
naturally returns two transformation rules for the full 



1 In a separate approach, Esposito [46] and T. Ivezic [Found. Phys. 
33, 1339 (2003) (hep-th/0302188); physics/0311043; and ref- 
erences therein] define "auxiliary" electric and magnetic four- 
vectors from the electromagnetic field tensor, its dual, and the 
four- velocity, E a = F^vp/c and B a = F a l 3 v l3 /c. This leads 
to manifestly-covariant, though non-Maxwellian, definitions of 
electric and magnetic fields. But the transformation properties 
of the field tensors, whose elements are the standard electric and 
magnetic field components, are unchanged. Hence this formalism 
redescribes the traditional tensor Maxwell field. 



Maxwell field, the expected spin-1 rule and a new spin- 
1/2 transformation of all Maxwell variables. 

The resulting spin-1/2 Maxwell field differs signifi- 
cantly from its previously known vector and spinor forms. 
First, it is the complete field and current, not a re- 
stricted or partial form. Second, its spin-1/2 transfor- 
mation employs the (1/2,0) (1/2,0) and its conju- 
gate (0,1/2) (0,1/2) representations of the Lorentz 
group, not the Dirac representation, the first transform- 
ing the potentials and sources, and the second the fields. 
Surprisingly, the natural basis for these two representa- 
tions is Minkowskian, with group elements R satisfying 
the orthogonality condition R T gR = g where g is the 
Minkowski metric. That is, the Minkowski metric accom- 
panies the Maxwell invariance relations under both spin- 
1 and spin-1/2 transformations, serving as both four- 
vector and four-spinor metrics. As a result, the primary 
spin-1/2 Maxwell invariants are also spin-1 invariants, 
e.g., $ 2 -A 2 , B 2 -2iE-B-E 2 + (d $ + V-A) 2 . However, 
spin-1/2 field and source terms are generally complex and 
neither charge nor the four-divergence of the potentials 
remain invariant. Separating these terms into real and 
imaginary parts gives standard real electric and mag- 
netic charge-density currents and a corresponding real 
Maxwell field in all frames. Third, like the field equa- 
tions themselves, the Lagrangian densities for the spin- 
1/2 and spin-1 Maxwell fields are identical. That is, the 
Lagrangian density for the complete Maxwell equations 
in the matrix form employed here is a scalar under both 
spin-1 and spin-1/2 transformations of the Maxwell vari- 
ables. Introducing a Proca mass term in the Lagrangian 
density returns the Proca-Maxwell equations which are 
also covariant under both spin-1 and spin-1/2 Lorentz 
transformations. 

Finally, the correspondence between the Maxwell and 
Dirac equations takes a natural form, similar to that of 
Ljolje [9]. Requiring the EM potentials to satisfy the 
Klein-Gordon equation, as if to describe a massive vector 
boson, equates the Maxwell and field-potential equations 
with two Dirac equations of identical mass. The resulting 
Maxwell-Dirac equation correspondence is thus one-to- 
two; or equivalently, one complex Klein-Gordon Maxwell 
field can be understood as either two real vector fields or 
two complex Dirac fields. 

Our work is arranged as follows: Sec. II, Matrix 
Maxwell Equations; III, Spin-1/2 and Spin-1 Transfor- 
mations of the Maxwell Variables; IV, The Minkowski 
Spinor; V, Spin-1/2 Electromagnetic Invariants; VI, Dual 
Spin-l/2-Spin-l Maxwell and Proca Lagrangian Densi- 
ties; VII, Loss of Gauge Invariance, Charge Invariance, 
and the Lorentz Four-Force in the Spin-1/2 Case; VIII, 
Equivalence of the Klein- Gordon Maxwell and Two Dirac 
Equations; IX, Conclusion; Appendices, A: Covariance 
of Maxwell's Equations; B: Index Notation; C: Spin-1/2 
and Spin-1 Minkowski-Basis Eigenvectors. 
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II. THE MATRIX MAXWELL EQUATIONS 



In the Minkowski basis, we identify 



Expanding on the work of Moses [39-41], we begin 
with 2 



d a d a A = Y 



(1) 



and factor the d'Alembertian operator via 

d a d a A = (n a d a )(^d p )A = Y. (2) 
Equation (2) separates into two first-order equations 



li a d a A = C 
»%C = Y, 

where A, C, and Y remain to be interpreted, 
matrices /i a must satisfy (/i Q ) 2 = 1, 



(3a) 
(3b) 

The 



[i 1 \i k = —fi k fi J , j,k,l = 1-3. To allow for the possi- 
bility that A may transform as a four- vector, we ask that 
it have four components. A convenient hermitian repre- 
sentation for the /i" is then [39-41] 
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(4) 



The ^ of (4) relate to the vector rotation and boost 
generators 3 ji and K? via [i J = —fij = J' J — iK? and 
satisfy det ^ = 1, tr/x-? = 0, ^ [i k — iSjki^ 1 + Sjkl, 
j, fc, I — 1-3. They may be reduced to a block-diagonal 
composition of the Pauli matrices 4 cr J by applying the 
unitary transformation (U^ 1 = U^) 



U=- 




CT J 
(T j 



(5) 

j = 1, 2, 3. We will refer to Eqs. (4) and (5) as the Rumcr 
matrices in the Minkowski and Pauli bases respectively. 
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r ^ 








c x 






iB x 


Cy 


- 


~Ey - 


iB y 


c z ) 




\ -E x - 


iB z 



(6) 



Y = 



T 

Y x 

Yy 




For A real, employing (4) to write out (3a) and (3b) yields 
the gauge-fixing and field-potential (Gauss-Kirchhoff) re- 
lations (3a) [70] and Maxwell's equations (3b) respec- 
tively 5 



<9 $ + V • A = r, 
VxA = B, -V$-9 A = E, 



V-E = p, 
V-B = 0, 



V X B - <9 E = J, 

V X E + d B = 0. 



(7a) 
(7b) 



For A complex, the situation is slightly more involved. 
We may independently define B = V X A and E = 
— V$ — <9oA, under which Eqs. (7) remain valid as they 
are. E and B are then also complex and no longer the 
real and imaginary parts of C [71]. However, for complex 
A, let us define alternate electric and magnetic fields as 
the real and imaginary parts of C and equate real and 
imaginary parts of Eqs. (3). In shorthand notation, let 



a + ib 



id 
-it 



J 



-i(3 
im 



(8) 



where <fi, 6, a, b, 7, <5, £, B, e, (3, j, m are real. Equations 
(3a) and (3b) respectively then become 



d <t> + v • a = 7 , d e + v • b = s, 

V X a - V9 - d b = B, 
-V X b- V^-<9 a = £, 



V •£ 

V B 



e, 



V x B - d £ 

V x £ + d B 



3, 



m. 



(9a) 
(9b) 



This is the standard magnetic charge- density current 
form of Maxwell's equations [72-74]. As usual, if the 
ratio of electric to magnetic charge is the same for all 
sources, this form may be returned to the electric-source- 
only Maxwell equations (7) by a duality transformation 



2 Greek indices are 0-3, x° = ct, c = 1, tr (g a p) = —2. 

3 (Jj)k i = _ ie . ku all other = 0. (£3)0. = _ i= ( K 3)3 Qj 

all other (K, 3 ) a p = 0, sec L. H. Ryder, Quantum Field Theory 
(Cambridge University Press, Cambridge, 1996), p. 37; Ref. [79]. 
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Bold Roman fonts indicate the "spatial" (1-3) portions of a given 
quantity, e.g., A = (A x , A y , A z ), however, these need not trans- 
form as either a three- vector or as the spatial portions of a four- 
vector, as we will see below. 
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[73] . Duality transformations here are simply phase rota- 
tions, e lX applied to A, C, and Y. Thus, if a phase angle 
A exists such that p and J, or equivalently <E> and A, can 
be made real, then Eqs. (9) are the traditional Maxwell 
equations (7) under phase rotation. 

Operating on (3b) with p a d a yields the charge conser- 
vation and electromagnetic wave equations 



As we show in Appendix A, Eqs. (11) and (12) have two 
solutions for 1Z and S. The first is 



d p + V • J = 0, 
d a d a (E, + iB) = 



Vp + d 3 -iVxJ 



(10a) 
(10b) 



for p, J, E, and B real or complex. 

From here forward, we assume Eqs. (3) are in four- 
dimensional form and take these to be our fundamental 
expression of the Maxwell, Gauss-Kirchhoff, and gauge- 
fixing equations [75]. 



III. SPIN-1/2 AND SPIN-1 
TRANSFORMATIONS OF THE MAXWELL 
VARIABLES 

A and Y may transform together under any four- 
dimensional representation of the Lorentz group and 
leave Eq. (1) alone covariant. But restricting our at- 
tention to (1) comes at the expense of identifying and 
transforming the field equations proper (3b). Similarly, 
setting Y = (gradient-constrained sources) allows C 
to transform under any four-dimensional representation 
of the Lorentz group and leave Eq. (3b) alone covari- 
ant. The constrained-source equations of Simulik and 
Krivsky [14-16], and the massless equations of Darwin 
[7], Madelung [8], Ljolje [9], and Bruce [18], correspond 
to writing (3b) by itself under this Y = condition (in 
a Dirac matrix form) and treating C as a Dirac spinor. 
Requiring T = in all frames returns Moses's Maxwell 
equations [39-41], forces the Lorentz gauge, and equates 
Y with the current (p, J), guaranteeing that the Maxwell 
variables will transform under their usual spin-1 rules 
[39]. With both Y = and T = in all frames (i.e., the 
Lorentz gauge and no sources), Eq. (3b) alone reduces 
to Maxwell's equations in a photon wave-equation form, 
again spin-1, often pared to a 3 x 3 equation only (see 
[27] and [71]). But to find their general Lorentz trans- 
formation properties, we will impose covariance on Eqs. 
(3) without restrictions on A, C and Y. 

Transforming coordinates as usual between frames K 
and K 1 via x'? = ^ a x a [76], with g a(i dx a dx fi = dxpdx 13 
and thus $ a t(i a = 5 a <r, we require in K' 



p' a d' a A'(x') = C'(x') 
^d' f3 C'(x')=Y , (x'), 



(11a) 
(lib) 



where we take p! a = p a . From (1), A and Y must trans- 
form under the same rule, so we seek transformation ma- 
trices 1Z and S satisfying 

A'(x') = TZ(e)A(x), Y'(x') = K(e)Y(x), 

C'(x')=S(£)C(x). (12) 



fcifX) = exp i(ip + iQ 
<%>,C) = ex P *(v ~ *o 



R(<p,C) (13a) 
S(fX), (13b) 



and the second 



S(<P,<) 



exp[i(if -J + C-K.)} (14a) 

r( v ,C)R*(v>,C) = l{>pX), 

exp[i(<p - iC) • J] (14b) 



(* = complex conjugate), where (p and £ are the usual 
rotation and boost parameters respectively. Note that 
covariance of Maxwell's equations (3b) alone, or similarly 
(3a) alone, also leads to solutions (13) and (14) for 1Z and 
S. We provide the improper transformations of A, C, and 
Y at the end of Appendix A. 

J and 7C of (14) are the vector rotation and boost 
generators composing matrices (4), and thus L corre- 
sponds to the (1/2,1/2) representation of the Lorentz 
group (L = [t a p]) and M the scalar-tensor (0, 0) (0, 1) 
representation [76]. Equations (14) together thus return 
the expected spin-1 transformation of the Maxwell vari- 
ables. 

To understand the transformation (13), consider the 
pi in the Pauli basis, as the £ J of Eq. (5). We will mark 
objects in this basis with a dot underneath. Applying 
the unitary transformation (5), R and S become 



R(<P, C) = exp 
${<PX) = cxp 



*(v-*C)--2 



(under-dot = Pauli basis) 
= ^- lt ( V ,C), (15) 



and thus the top two and bottom two components of 
A = UA and Y = UY transform separately as (1/2,0) 
two-spinors, while those of C = UC transform as (0, 1/2) 
two-spinors [76]. R and R are thus equivalent members 
of the (1/2,0) (1/2,0) representation of the Lorentz 
group, while S and S belong to their conjugate (0, 1/2)© 
(0, 1/2) representation. R and S thus perform a spin-1/2 
transformation of A, C, and Y and consequently of the 
Maxwell field and current. (See Appendix A.) 

Since R and S are complex, even if the spin-1/2 A, 
E, B, p, and J are real in one frame, or a duality trans- 
formation will eliminate their imaginary parts in that 
frame, they will remain complex in other frames. Inter- 
preting spin-1/2 field and source terms as real quantities 
in all frames therefore requires the Dirac magnetic cur- 
rent form of Maxwell's equations (9). 



IV. THE MINKOWSKI SPINOR 

Before examining the spin-1/2 Maxwell invariants, we 
require a brief investigation of the properties of R and 
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TABLE I: Index notation for vector-like representations of the Lorentz group, R T gR — S T gS = L 1 gL = M T gM — g. 

Lorentz Group Representation Group Element Alphabetic Index Numeric Index 

(1/2,0)0(1/2,0) R{R) a, b, c, 0,1,2,3 

(0,l/2)ffi(0,l/2) S (S), R* (R*) a, b, c, 0,1,2,3 

(1/2,1/2) L(L) a, P, 7, 0,1,2,3 

(0,0)0(0,1) M (M) a, $, 7, 

Undefined transformation properties 5, (3, 7, 0, 1, 2, 3 



S. For representations of the Lorentz group over a com- 
plex domain, two types of invariant norms may result 
[77, 78]. The first involves a vector and its complex con- 
jugate and the second the simple inner product without 
complex conjugation. The first implies W kR — k, where 
k is the metric. But as in the (1/2,0) representation, k 
has no nonzero solution for R e (1/2,0) © (1/2,0) [nor 
for S e (0, 1/2) © (0, 1/2)]. 6 We thus look for a norm- 
squared of the second type and therefore a solution to 
R T K R = K . 

In the Pauli basis, such complex norms-squared may 
be formed by dotting each top and bottom two-spinor 
with itself, or each with the other, using the two-spinor 
metric a 2 . However, taking our spinor components to be 
classical commuting functions, as opposed to Grassmann 
variables, only dotting top and bottom two-spinors with 
each other will return a nonzero squared-magnitude. Let 
Z = col(x, £) represent a classical 4-spinor transforming 
via R, with \ and £ its top and bottom two-spinor seg- 
ments respectively. In general, a nonzero complex norm- 
squared results from the metric 







-<7 





and inner product 



T 2 



(16) 



(17) 



(similarly for S). In fact, (1/2, 0)0(1/2, 0) and (0,1/2)0 
(0, 1/2) are the only spin-1/2 representations of the Lor- 
entz group for which 4-spinor squared-magnitudes of 
the type ip T Kip, for ip classical, may be nonzero. This 
is because the only other 4-spinor representations are 
(1/2,0) (0, 1/2) and its conjugate, both of which form 
such contractions by dotting each top and bottom two- 
spinor with itself, e.g. if> T Y?ip, which is zero for clas- 
sical ip. Instead, the only nonzero classical Dirac spinor 
norm-squared is of the first type, ip^^ip. 7 However, with 
anticommuting Grassmann components, Z T gZ — while 



6 From Appendix A, considering small rotations and boosts sep- 
arately, liLnTZ^i = k implies = fi^K, while TZ^kTZ^ = k 
implies Kfi J = —fipK, hence k = 0. 

7 Equations (47) below. 



Z T S 2 Z, tp T 'E 2 ^, and ip^^ip are nonzero. R and S with 
the metric g thus describe 4-spinors with commuting vari- 
ables and simple norms-squared. They are the lowest 
dimensional representations of the Lorentz group with 
nonzero spinor norms of this type. 

The metric (16) has a further remarkable property. In 
the Minkowski basis, g is the Minkowski metric 



9 = U 1 gU 



( 1 \ 

0-10 
0-10 

V -1 / 



(18) 



The invariant (17) thus takes the vector-like form Z T gZ = 
Z T gZ. We can obtain the same result from the Minkowski 
basis directly. Letting i(ip + i£) • fi/2 = n, we have [79] 



gR T g 



(19) 



and employing the relation gyj T g = — , j — 1, 2, 3, we 
find gn T g = — n and thus 



R T gR = g. 



(20) 



Similarly S gS = g = M gM — L gL, or equivalcntly 



R T gR = S T gS = M T gM = L T gL 



(21) 



Invariant inner products formed in the (1/2, 0) © (1/2, 0) 
or (0, 1/2)0(0, 1/2) representations of the Lorentz group , 
like those of (1/2, 1/2), (0,0) © (0, 1) and its conjugate 
[80] , thus take the Minkowski form 



X 1 gZ = X 1 gZ 



(22) 



where X and Z, or X = UX and Z = UZ, transform 
together under any one of these representations. 

Accordingly, we introduce new notation for vector-like 
representations of the Lorentz group, those which form 
invariants with the Minkowski metric. Let X be a column 
vector transforming via any Lorentz group representation 
V satisfying V T <?V = g. Thus V may belong to any one of 
the representations (1/2, 0) © (1/2, 0), (0, 1/2)© (0, 1/2), 
(1/2, 1/2), (0, 0) © (0, 1), or (0, 0) © (1, 0), designated here 
by R, S (R*), L, M, M* respectively [81]. Now define 
the Riemannian conjugate 



( 5 Xf = X T g. 



(23) 
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X is thus a four-component row of the covariant compo- 
nents of X. This notation does not distinguish between 
vector-like Lorentz group representations V. To distin- 
guish between these representations we will employ in- 
dex notation using alphabetic and numeric indices with 
different fonts, each indicating a separate representation 
of the Lorentz group. Our index notation is summarized 
in Table I and further described in Appendix B. 

A four-component spinor Z transforming via R, with 
components Z a , a = 0-3, and its covariant counter- 
part gZ, transforming via (i? T ) _1 , with components 
Z a = 9abZ b (g a b = g a p), satisfy 

ryl a r>a ryb ryl r> 6 rj 

Zj — tl b Zj , Zj a — il a Zj b i 

Z'Z' = Z' a Z' a = R a b R a c Z b Z c = Z b Z b = ZZ, (24) 

where R a b R a c = S b c (= 1 for 6 = c, for b/c). Z*, with 
components Z a * = Z a (a-dot), transforms via R* . Its 
covariant counterpart gZ*, with components Z a = g ab Z b 
[dab = -9*6 = 9ab], thus transforms via S = (i? t )~ 1 [see 
(A10)]. That is 



with 



gZ'* = {R^- 1 {gZ*) = S{gZ*), 
Z' h = R\Z b and Z' a = R h b Z h 



(25) 



[R h ; = {R a b)% and thus 



Z Z'* = Z' Z' a = R a b R a c Z»Z & = Z b Z b = Z Z*, (26) 

where R h b R a d = S b d (= S b c ) [82]. We will refer to 
four-component objects transforming under the (1/2, 0)0 
(1/2, 0) and (0, 1/2)® (0, 1/2) representations of the Lor- 
entz group as Minkowski spinors, or as simply four- 
spinors, due to their use of the Minkowski metric and 
direct analogy with four-vectors. 



V. SPIN-1/2 MAXWELL INVARIANTS 

Under spin- 1/2 transformation, A and Y have con- 
travariant Minkowski spinor components A a = ($,A) 
and Y a = (T, Y), while those of C are covariant compo- 
nents of a (0, 1/2) © (0, 1/2) Minkowski spinor and thus 
designated C a = {C d ,Ci , C^Cj) = (T, C x ,C y , C z ). We 
may now form the primary invariant inner products of 
A, C, and Y in the spin-1/2 case. They are 

A a A a = AA = $ 2 - A 2 , (27a) 

C & C a = CC = T 2 - E 2 + B 2 - 2iE- B, (27b) 

Y a Y a = YY = (p + 9 r) 2 - (J - Vr) 2 , (27c) 

A a Y a = AY = $(p + 9 r)- A-(J- Vr). (27d) 

Clearly, each of these inner products is also an invariant 
of the spin-1 Maxwell field. That is, AA, CC, YY, and 
AY are each invariant under both spin-1 and spin-1/2 
transformations of the Maxwell field and current. 



If we include the complex conjugates of A, C, and Y, 
then any contravariant-covariant combination, summed 
over like indices a — 0-3 or a — 0-1 ?, will also be invari- 
ant. For example 

A d C a = A f C = $*r- A* • (E + iB), (28a) 

Y d C a — Y^C = T*T - Y* • (E + iB), (28b) 

C a A a = C f A = (A d C a f, (28c) 

C a Y a = C f Y = (Y d C a f (28d) 

are all spin-1/2 Maxwell invariants. However, these have 
no spin-1 counterparts stemming from the fact that S = 
i? _lt does not hold for L and M of Eqs. (14). 

Finally, we may construct four-vectors and quadri- 
vectors [(0, 0) (0, 1)] out of Minkowski spinors. For 
example, the spin-1/2 A, C, and Y combine to form con- 
travariant four-vectors A^/x Q A, CV a C, Y^ a Y, A^/j, a Y, 
and quadri-vectors A^ a C and Y^ a C, with similar re- 
sults for any like-transforming four-spinors. 



VI. DUAL SPIN-1/2-SPIN-1 MAXWELL AND 
PROCA LAGRANGIAN DENSITIES 

A Lagrangian density for Maxwell equations similar 
to our (3b) has eluded previous attempts at its discov- 
ery [33, 49, 83]. Giannetto [45] has written a simple 
Lagrangian density equivalent to describing (3b) alone 
without sources and under the Lorentz condition (Y = 
r = 0). In a related six-component formalism, Drum- 
mond [55] has discussed a duality-invariant Lagrangian 
density for the source-free Maxwell field, as have Abreu 
and Hott [50, 53]. Sources included, Gersten [33, 83] 
has described "pseudo-Lagrangians" for Maxwell wave 
equations similar to (3b), while Ljolje [9] provides an ex- 
tensive Lagrangian description of the constrained-source 
Maxwell equations of Darwin, derived from a dual spin- 
l-spin-1/2 (Dirac spinor) Lagrangian density. (See also 
[1] and [16].) But in related four-component and simi- 
lar three-component matrix forms of Maxwell's equations 
proper, with sources, to quote Jena et al. [49], "In nei- 
ther of these two approaches do the equations seem to 
follow from an Euler-Lagrange variational principle." 

The problem is finding an appropriate Lagrangian den- 
sity for equations like (3b) alone. By itself, (3b) and its 
hermitian conjugate result from varying and C in the 
Lagrangian density 

C c =7c[CVa<9 Q C-2C t Y-( ( 9 Q CVa)C + 2Y t C], (29) 

where 7c is a constant with units of length. 8 A similar 
Lagrangian can be written for (3a) alone. However, Cc 



8 Cc is analogous to the Lagrangian density for the generalized 
spinor Maxwell equations of Sachs and Schwcbel, see M. Sachs, 
General Relativity and Matter, Ref. [1], p. 115. The factor 7c 
does not affect the field equations themselves, but without it, Cc 
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is invariant only in the spin- 1/2 case [see Eqs. (28)]. 
Nor can Cq be summed with its counterpart for Eq. (3a) 
to return both Eqs. (3) under variation. Instead, a La- 
grangian density for either Eqs. (3b) or (3a), allowing 
spin-1 transformations of the Maxwell field and current, 
requires a description of both these equations simultane- 
ously. 9 For this purpose we also require the Riemannian 
conjugates of Eqs. (3). These are 

d a A^ a = C (30a) 
d^C// = Y. (30b) 

We now introduce the Lagrangian density 

£ = i [C f i f3 d f3 A-An a d a C + 2AY-CC (31) 
+ (d a An a )C - {d p C^)A + 2YA - CC], 

where the terms on the second line are the Riemannian 
conjugates of those on the first. Varying L with respect 
to the dynamic field variables A, C, A, and C yields Eqs. 
(3) and their counterparts (30). From Eqs. (3), (27), and 
(30), £ is a scalar function under both spin-1 and spin- 
1/2 Lorentz transformations of its field components. 

Adding a Proca mass term — m 2 AA to the Lagrangian 
density (31) gives 

C - m 2 AA = C P (32) 

and leads to the Proca Maxwell equations 

^ a d a A = C, (33a) 
^d p G = Y - m 2 A, (33b) 

and their Riemannian conjugate. As in the Maxwell 
case, the Proca Lagrangian density Cp and its associated 
equations of motion remain covariant under both spin-1 
and spin-1/2 transformations (13) and (14) of their field 
terms. From the four-divergence of (33b), we find, as 
usual (see Ryder, 3 p. 67), 

d p + V • J = m 2 (d & + V • A), (34) 

and thus for m / charge is conserved only under the 
Lorentz condition c?o ( f ) + V • A = 0. However, unlike 
the vector field, where the Lorentz condition dpA@ = 
is invariant and the continuity equation would thus hold 
for all inertial observers, dpA h = is not invariant and 



and its derived conservation laws will be dimensionally incorrect. 
In the Sachs formalism, the analogous constant (<?Mj also with 
units of length) appears explicitly in equations coupling matter 
and electrodynamics. See related comments by Sachs. 
9 The Schwinger Lagrangian for the tensor Maxwell field also re- 
turns both the Maxwell and Gauss-Kirchhoff equations (3) (with- 
out the gauge-fixing equation). See J. Schwinger et al., Classical 
Electrodynamics (Perseus, Reading, Mass., 1998), Sec. 9.2; J. 
Schwinger, Phys. Rev. 91, 713 (1953); also Ref. [77], p. 103. 



consequently there are no circumstances where charge 
is conserved in all frames for the spin-1/2 Proca field. 
(This is not true for the spin-1/2 Maxwell field, see Eq. 
(40) below.) We will discuss further consequences of the 
Lagrangian formalism in a later analysis. 

VII. LOSS OF GAUGE INVARIANCE, CHARGE 
INVARIANCE, AND LORENTZ FOUR-FORCE IN 
THE SPIN-1/2 CASE 

Clearly, within a single frame, E and B arc invariant 
under a gauge transformation regardless of the Lorentz 
transformation properties of the potentials ($, A). This 
can easily be seen by letting ($, A) — > ($ — <9°A, A + 
VA) = (<f> A ,A A ) in Eqs. (3), after which E and B re- 
main unaffected in the usual manner. But in the spin-1/2 
case, the loss of invariance of the four-divergence of the 
potentials dpA b rules out an invariant gauge- fixing condi- 
tion, and as may thus be surmised, problems arise when 
we apply a spin-1/2 Lorentz transformation to the gauge 
transformed potentials (<&a, Aa). 

In frame K, let Aa = A — <9A, with d = col(<9o, —d x , 
—d y , —d z ), and let 1Z stand for any Lorentz group repre- 
sentation transforming Aa from K to K' giving 

A' A = TZA A = 1ZA - TZ(dA) = A' - TZ(dA). (35) 

The term IZ(dA) is a gauge transformation in K 1 only if 
there exists a function A' such that 

d'A' = TZ(dA). (36) 

In the vector case, TZ = L and (36) is solved for A a scalar 
function. But for 1Z — R, a solution for A' exists only if 
A is at most a linear function of the coordinates. 10 Yet 
even with this restriction, A is still a different function in 
every frame (not a scalar function). 

However, if we seek changes in A that leave £ and B 
unaltered, then significant freedom remains in the spin- 
1/2 potentials. Defining G = col(7, G) and requiring 

^ Q <9 Q G = 0, (37) 

the substitution 

A — > A G = A + G = ($ + 7, A + G) (38) 

leaves C and thus £ and B unchanged in all frames for 
both spinor and vector fields. Note that G satisfies the 
Lorentz condition dpG b — in all frames. This is a spe- 
cial pseurfo-invariant, formed between G and the partial- 
derivative operator only (see Appendix B). But again, 



10 WithRR*dA'(x') = R[dA(x)}, wcha,vcdA'[x'(x)]=R*- 1 [dA(x)]. 
Writing out the second equation and cross differentiating the 
components of dA' , then relating the various R* a p using Eqs. 
(A7), leads to the condition d a dpA = 0, a, (i = 0-3. 
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(38) is not a gauge transformation and thus does not 
(generally) leave E and B unchanged. 

As could be expected, charge-invariance is also lost in 
the spin- 1/2 case. The volume integral of p when Y and 
C transform as four-spinors is 



q 1/2 = J pd?x = J (Y° -d"C 6 )d 3 x, 



(39) 



which is clearly not a scalar since Y° — d°Cg is not the 
top component of a four- vector. Instead, qi/ 2 has no 
well-defined transformation property. However, the con- 
tinuity equation (10a) remains in effect. That is, 



d„ J a = for 



ya _ Qa c 



(40) 



and thus q 1 / 2 is still conserved in each frame, even though 
it is not invariant. 

Covariance of the Lorentz four-force is also lost under 
spin- 1/2 rules. The Lorentz four- force would appear as 



dp a /dr -» q 1/2 [d a {u f3 A h ) - dA a /dr] 



(41) 



where r is proper time and up the four- velocity [84]. The 
left side of (41) transforms as a four- vector while the right 
side does not transform as any one type of object. Indeed, 
any attempt to describe a covariant Lorentz force on an 
hypothetical spin- 1/2 charge faces the formidable hurdle 
that <7i/2 has an undefined transformation property. This 
problem, and others in this section, stem from the fact 
that A a and J a do not transform with the same rule as 
the coordinates, destroying the usual symmetry between 
spacetime and the Maxwell variables so important in the 
spin-1 case. We will discuss an interesting resolution to 
these problems in our concluding remarks. 



VIII. EQUIVALENCE OF THE KLEIN-GORDON 
MAXWELL AND TWO DIRAC EQUATIONS 

Finally, consider Maxwell's equations under the condi- 
tion that A satisfies the Klein-Gordon equation, as if to 
describe a massive vector boson [85] . This condition can 
be introduced by setting Y = — m 2 A/2 in the Lagrangian 
density (31) or setting Y = in the Proca Lagrangian 
(32), the resulting Lagrangian density is the same in ci- 
ther case. Letting C = —imF, with m constant, the 
corresponding equations of motion are [44, 64] 



p a d a A = -imF 
//c^F = -imA, 



(42a) 
(42b) 



where d a d a A = —m 2 A. These equations possess the 
same dual spin-l/2-spin-l Lorentz transformation prop- 
erty as Eqs. (3) and (33). Equations (42) are equivalent 
to a single eight-component or two four-component Dirac 
equations of mass m. With 




and X a = 




(43) 



(0 is the 4x4 zero matrix), Eqs. (42) become 

X a d a n(x) = -imQ(x), (44) 

where A Q A^ + A^A" = 2g at) [86]. Equation (44) may be 
reduced via 

( 1 o\ 
10 
10 
\ 1 J 

(45) 

(W" 1 = W\ U of Eq. (5), 1 and are the 2 x 2 unit 
and zero matrices) [87]. Applying W to (44), with 



w = vu B , v 



Ux = 




wn(x) 




(46) 



and separating into block diagonal parts returns [9] 



r ) p 'd lJL ip(x) — —imtp(x) 
j^d^ri(x) = -imn(x), 



(47a) 
(47b) 



where the 7 M are the Dirac matrices. 11 The Klein-Gordon 
Maxwell (KGM) equations (42) and Dirac equations (47) 
are thus equivalent and may each describe either two real 
vector fields, corresponding to real and imaginary parts 
of A, or two Dirac fields, represented by tjj and rj of (47), 
all of the same mass. 



IX. CONCLUSION 

Surprisingly, the Maxwell, Gauss-Kirchhoff, and 
gauge-fixing equations are indeed covariant under spin- 
1/2 Lorentz transformations of the Maxwell variables. 
Though we have begun its analysis here, much work re- 
mains to complete a description of the spin-1/2 case. We 
might expect that a well-transforming conserved current 
would be fundamental to this description. But while 
J a = (p, J) is indeed conserved, it has no well-defined 
transformation rule, transforming with the four-gradient 
of T as part of the four-spinor Y a . Y is composed 
of the traditional Maxwell input variables, the current 
and gauge-fixing function (the four-gradient of the lat- 
ter). But under spin-1/2 rules, we are not at liberty 
simply choose the Lorentz gauge and equate Y a with 
(p, J) since gauge transformations of the spin-1/2 Max- 
well field are not Lorentz invariant. Moreover, charge 
in the spin-1/2 case also has no well-defined transforma- 
tion rule. We may still treat the spin-1/2 Maxwell field 
within each frame as being generated by the conserved 
charge-density current in that frame, but as this is not a 









o i \ 












, i 








-a' 





1, 2, 3. 
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covariant treatment the more appropriate interpretation 
would evidently be that the spin-1/2 Maxwell field has 
no traditional source in the Maxwell sense and that the 
input variables Y effectively separate into sources and 
gauge-fixing functions only in the spin-1 case. 

Despite the obvious differences between the spin-1 
and spin-1/2 Maxwell fields, their most striking fea- 
tures are their similarities. In their form presented here, 
they share exactly the same Lagrangian density, exactly 
the same field equations, adding a Proca mass term 
leaves the transformation properties of both fields un- 
changed, they share invariant inner products AA, CC, 
YY, AY, and, as these invariants imply, they share the 
Minkowski metric. This last fact, a consequence of the 
Minkowski metric's association with the (1/2, 0)©(l/2, 0) 
and (0,1/2) © (0,1/2) representations of the Lorentz 
group [Eqs. (20) and (21)], is suggestive of a deeper con- 
nection between spacetime and the Maxwell equations. 
Clearly, any coordinate transformation forming invari- 
ants with the Minkowski metric leaves invariant the in- 
terval (x ) 2 - (x 1 ) 2 - (x 2 ) 2 - (x 3 ) 2 . In an effort to find all 
coordinate and field transformations that leave Maxwell's 
equations covariant, consider then a transformation of co- 
ordinates under four-spinor rules — a complex fermionic 
spacetime (reminiscent of fermionic coordinates in super- 
symmetry). In such a space, the four-divergence of the 
spin-1/2 potentials dt,A b would again be invariant, allow- 
ing gauge transformations of the spin-1/2 Maxwell field; 
the charge-density current would independently trans- 
form as a four-spinor J b , just as it transforms as a four- 
vector J 13 in a four- vector space; the spin-1/2 charge qi/ 2 
(39) would thus be invariant too, and consequently the 
Lorentz four-force (41) would regain covariance. Though 
we have only begun to explore the spin-1/2 Maxwell field 
in a four- vector space, the fact that four-spinor coordi- 
nates may lead to a covariant spin-1/2 form of electro- 
dynamics, analogous to vector electrodynamics, suggests 
a broader investigation into a Minkowski-spinor form of 
spacetime. 

Further, the fact that the Maxwell field is covariant 
under both spin-1 and spin-1/2 transformations suggests 
that other traditionally-spin-1 quantities may also have 
fermionic properties, especially since spin-1/2 invariants 
may involve the Minkowski metric. We might imagine 
the other gauge vector fields to be candidates for such 
quantities, however their built-in necessity for gauge in- 
teractions appears to preclude their spin-1/2 transfor- 
mation. But if not these, perhaps generalizations of 
the dual-transforming Lagrangian density (31) will un- 
cover such fields. The importance of such a search lies in 
the possibility of a wider fermion-boson field equivalence, 
beyond the spinor-vector-Maxwell and Dirac-KGM ver- 
sions discussed above. That is, by describing both vec- 
tor and spinor fields, the Maxwell equations (3) and La- 
grangian density (31) describe a type of unified spinor- 
vector field. If further such fermion-boson-equivalent 
fields exist, then supersymmctry may not be the only 
type of fermion-boson unification consistent with Lorentz 



transformations. This type of unification need not con- 
flict with a supersymmetry-extended Standard Model, 
but it may offer an alternate approach to connecting 
fermion and boson fields, perhaps one capable of work- 
ing within the Standard Model framework. 12 A wider 
search for fields, or compositions of fields, with multiple 
transformation properties would thus seem warranted. 

Finally, the original motivation for this study was not 
the Maxwell equations themselves, but an exploration 
of the hypothesis that matter may be understood as an 
electromagnetic phenomenon. Similar hypotheses have 
surfaced at various points in physics history with elec- 
tromagnetic descriptions of the electron mass [88], EM- 
like descriptions of the Dirac field [89], and recently 
with analogies between the vacuum and superconducting 
media in quantum field theory of gauge vector bosons 
[90] . We note here that with the KGM-2-Dirac equation 
equivalence, a substantial portion of the matter spectrum 
may have as its foundation either spin-1 or spin-1/2 EM- 
like waves. The natural inference, not unlike that drawn 
from superconductor models of the vacuum, is that a 
unified description of matter and electromagnetic phe- 
nomena may be pursued under the hypothesis that mat- 
ter waves are essentially a form of light traveling in a 
diverse electromagnetic-like medium. Further develop- 
ment of this hypothesis will require placing the spin-1/2 
Maxwell field in a quantum- mechanical context, a task 
that remains to be completed. 
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APPENDIX A: COVARIANCE OF THE 
MAXWELL EQUATIONS 

Inserting the inverses of (12) into (3b) and comparing 
with (lib) we find [76] 

TZ{l)p a S- 1 {l)^ a = p! (i = p . (Al) 

Beginning with the infinitesimal case £@ a = 5@ a + A(@ a 
we employ the expansions 

K = l + ^ Pafj AC afj and S = 1 + ^ afj AC f3 , (A2) 

where the A^ k = —ejkiAip 1 parameterize rotations and 
the AC -? = — A(7° = —Atf parameterize boosts, with 
A(p l the infinitesimal rotation angle and A(7 the in- 
finitesimal boost angle, j, k, I = 1-3. From (Al), we may 
also write p a ^ a = TZ^^p^S^), and inserting 1Z- 1 
and S gives 

vrtP a = (5P a + A(\)p a = // + A(\p a (A3) 
= [1 - ip 7 ,AC 7 72]/[l + ta^AC/2] 
« // + i^a lv A(p v /2 - zp 7 „AC 7 VA 

Then, from A£ a/3 = — A^ 3 " and manipulation of indices, 
AC" a /x a = ^AC(^ 7fr - <5^ 7 ). (A4) 

Combining (A4) with (A3) yields 

l^a^v - p^vi/ =i{5^ v fj n - 5^^n v ). (A5) 

Equations (A5) have two sets of solutions for the gen- 
erators p 7 „ and g 1v . The first is 

<, /2) - ^ 7 , Ml + |(*V" - <5 ^ 7 ), (A6) 
or explicitly p^ /2) = cr^ /2) = 1, 



(1/2) _ ,,(1/2) _ _1 



j, k, I — 1-3. The second is 
Ji) _ (i) _ j 

POO — °00 — A ' 

of 1 ) - J 1 ) 



Sjklp 



(A7) 



Pjk - a jk - - £ jklJ , 
.(!) - J 1 ) 



= = = = ijK (A8) 

For a finite Lorcntz transformation, 1Z and S are 



^(p«/3) - cxp ( ^p al3 C r3 \ , S{a a[} ) = exp f ^er Q/3 C Q/3 



With the generators (A6), 1Z and 5 become R and 5 
of Eqs. (13), while the generators (A8) return L and 
M of Eqs. (14). In the standard (.j' (+) ,j (_) ) notation 
for representations of the Lorentz group [76], the Py} 
generate the (1/2,1/2) representation and the a^J the 
(0,0) © (0,1) representation, while the p 7 V 2 ^ generate 
(1/2, 0) © (1/2, 0) and the <7 7 l /2) its conjugate (0, 1/2) © 
(0,1/2). 

For spatial rotations, 1Z = TZr = S = 5r are sepa- 
rately equal and unitary for either transformation (13) 
or (14). For pure boosts, 1Z = TZb and S = Sb, we find 
TZb = TZb ana - = S B , again for either transformation 
(13) or (14) separately. However, the spin-1/2 case yields 
the additional relationship 5b = (Rb) -1 , and therefore 



(i?t)" 



(A10) 



Noting that the p" are traceless, the exponents of 
R and 5 in (13) are also traceless and thus deti? = 
exp{tr[i(y> + iQ • £*/2]} = +1 = det5, as appropri- 
ate for proper Lorentz transformations. Under improper 
transformations, 1Z and 5 have the following forms, par- 
tially found by Moses [39], where ()* is the complex- 
conjugation operator, 



Space inversion: 
Time inversion: 
Spacctime inversion: x' a = — x 



X — 3.*q< . 

X X Q£ j 



H = S = gQ* 
K = -S = gQ* 

n = -s = i. 

(AH) 



(A9) 



APPENDIX B: INDEX NOTATION 

We employ separate index notation for four of the five 
vector-like representations of the Lorentz group [(0, 0) © 
(1,0) excepted], as listed in Table I, p. 5. In this nota- 
tion, wc maintain the summation convention over both 
identical and alphabetically analogous indices. For exam- 
ple, a term containing indices v, n, and n is summed over 
v = n = n = 0-3 = 0-3 = 0-3, or one containing a and 5 
is summed over a = a = 0-3 = 0-3. Invariant quantities 
are thus formed by summation over indices of the same 
type, e.g., x xp, C^Cc, A a A a , or Y h C h (Greek-tilde in- 
dices obviously excepted) . Summations of the type x a , 
A a C a , or in particular dp A b = C - = T, then generally 
form non-invariant quantities and thus do not "contract 
out". (Note the apparent exceptions of dp G b and d a J a 
in Sec. VII, which are both invariant. However, G b and 
J a form vector-like scalars only with the partial deriva- 
tive operator, not under contraction with an arbitrary 
vector.) Finally, in an equation with mixed indices on 
separate terms, such as = A m + , alphabetically 
analogous indices like p, m, and p will be understood to 
take the same values p = m = p = 0-3 = 0-3 = 0-3. Wc 
assume the following correspondence between Latin and 
Greek indices: aa, 6/3, c\, d5, ee, f<j>, g~f, hr], ii, kn, IX, 
mp, nv, pir, rp, sa, tr, uv, wlo, x£, yip, z(. 
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APPENDIX C: SPIN-1/2 AND SPIN-1 
MINKOWSKI-BASIS EIGENVECTORS 

We present here the Minkowski basis eigenvectors for 
both spin-1 and spin-1/2 fields (compare Ref. [40]). In 
the familiar vector case, the spin matrices associated with 
L and M are J x , J y , J z , and J = xj x + yj y + zj z . 
J z and ^J 2 have simultaneous spin eigenvalues s = 0, 1 
and m s = — 1,0, +1, with cigcnfunctions e X satisfying 
J z e X = m s e X and J 2 e X = s(s + l) e X where the 
left index e numbers the eigcnfunctions. Defining rais- 
ing and lowering operators J± = J x ±iJ y , the e X re- 
solve into four orthogonal basis vectors e d, e = 0-3: °d = 
col(l, 0, 0, 0), 1 d = col^(0, 1, -i, 0), 2 d = col(0, 0, 0, 1), 

and 3 d — col-^(0, — 1, — i, 0). °d represents s = m s = 

while ' ' d are s — 1 with m s = —1, 0, +1 respectively. 

In the analogous spin-1/2 formalism, the spin matrices 
are s x = fi 1 /2, s y = [i 2 /2, s z = ^ 3 /2, and 



s=i(V+yM 2 + ^ 3 )-/^, (CI) 

where [s J , s fe ] = iejkis 1 . s z and s 2 have simultaneous 
eigcnfunctions e Z satisfying 

s^ £ Z = m s £ Z = ±i £ Z and s 2 e Z = s(s + 1) £ Z = ^ e Z 

(C2) 

so that s = 1/2 and m s = ±1/2. Defining s± = s x ± 
is y = ( y u 1 ±i^ 2 )/2, the e Z resolve into four orthogonal 
basis spinors e b, e = 0-3, grouping into two pairs, even 
°b = (°d+ 2 d)/V2 = i even , 2 b= 3 d = ] even , and odd 
1 b = - 1 d = [ odd , 3 b = (°d - 2 d)/V2 = ] odd satisfying 
Ut £ 6 = S ie , ELo e b a * e b b = S ab , and "b a 'b a = (no 
sum over e). The e d and the e b are related by a real 
linear transformation, neither arc intrinsically spin 1 or 
spin 1/2. 
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